The 1-loop effective potential in a scalar theory with quartic interaction on the space M 4 × T n for n = 2 is calculated and is shown to be unbounded from below. This is an indication of a possible instability of the vacuum of the λφ 4 model on M 4 , when it is regarded as a low energy sector of the theory obtained by dimensional reduction of the original six-dimensional one. The issue of stability for other values of the number n of extra dimensions is also discussed.
Introduction
It is well known that the quantum properties of models in quantum field theory strongly depend on the topology of the spacetime on which they are formulated and on the boundary conditions imposed on it. An example of such manifestations is the influence that non-trivial spacetime topology has on the behaviour of the effective potential [1] , [2] , and, in particular, the issue of topological mass generation [3] , [4] . The Casimir effect [5] is another phenomenon of this type (for a report, see [6] ).
In this article we consider a scalar model with quartic interaction λφ 4 defined on M 4 ×T n , which is regarded as a laboratory for studying certain quantum properties of field theories in multidimensional space-times. The latter are viewed as important candidates for unification of fundamental interactions (see, for example, [7] and [8] for reviews). One of the attractive features of this approach is that it provides a natural mechanism for the appearence of scalar Higgs fields as extra dimensional components of multidimensional gauge fields with the Higgs potential being a part of the multidimensional non-abelian gauge action [9] . Much work has been done on the analysis of symmetries and structure of Kaluza-Klein type theories and on the possibility of obtaining the Standard Model of Grand Unified Theories by dimensional reduction (see [10] , [11] for reviews). Various issues of quantum properties of multidimensional theories were studied in [12] .
It is known that a multidimensional model can be re-formulated as a model in four dimensions with an infinite number of fields or modes. The sector of the zero mode with the lightest mass usually coincides with the model in four dimensions with the same type of fields and interactions as the initial multidimensional one, that is the λφ 4 theory on M 4 in our case. In this paper we consider the 1-loop effective potential of the zero mode field calculated in the complete theory with all modes. As it is well known by now, the effective potential is a very important tool in considering stability questions and the phenomenon of symmetry breaking (see for example [13] ). We will be interested specifically in the case n = 2, though the analysis of the asymptotics of the potential for large φ will be carried out for arbitrary n. It is obvious, that since the theory considered for n ≥ 1 is non-renormalizable, renormalizations of the mass and the quartic coupling are not enough for eliminating all ultraviolet divergences. One needs to impose additional conditions to obtain the renormalized effective potential, and we will suggest a prescription for doing this at the 1-loop level. This prescription will guarantee that in the limit of weak fields the potential of the complete theory approaches the potential of the corresponding four dimensional theory, i.e. the Coleman-Weinberg effective potential [14] . Namely, when λφ 2 L/m ≪ 1, where L is the characteristic size of the torus, these two potentials differ by higher powers of φ only. Thus, the physics described by these two potentials will be the same in such a limit. For stronger fields the effects due to the non-trivial spacetime topology become significant and the behaviour of the effective potentials turns out to be quite different. It is worth mentioning here that analogous renormalization prescriptions for the Green functions imply that physical observables, like for example the cross sections, of the λφ 4 theory on M 4 coincide with those of the corresponding multidimensional model in the low-energy limit [15] .
To see the effect that the extra dimensions with non-trivial topology have on the effective potential, we restrict our study here to a simple scalar model, calculate the effective potential of the zero mode in the 1-loop approximation and compare it with the known result of Coleman and Weinberg for the usual four-dimensional λφ 4 model [14] . The model might be relevant for the description of the Higgs sector of some Kaluza-Klein type extensions of the Standard Model and in spite of its simplicity it features some important properties of Kaluza-Klein models.
We will do our calculations for the case of periodic and antiperiodic boundary conditions for the scalar field on T 2 and will also analyze the mixed case of the field periodic in one dimension and antiperiodic in the other, taking into account also interactions between the different types of scalar fields.
We adopt the point of view that the size L of the space of extra dimensions (the twodimensional torus in our case) can take values in a wide range, instead of choosing it of the order of the Planck length, as it is suggested by most of spontaneous compactification solutions. The estimates, carried out in [16] , give the bound on the present value L −1 < 10
6
GeV. Other motivations are related to results of papers [17] and suggest that L −1 should be of the order of the supersymmetry breaking scale M SU SY . Thus, for a class of string models with orbifold compactification the bounds on L following from high-energy experiments give L −1 ∼ 1TeV [18] . The parameter L in our analysis plays a role similar to that of the inverse temperature T −1 in models of non-zero temperature. We would like to mention that calculations of the effective potential in theories with non-zero temperature, when the spacetime can be effectively taken as M 3 × S 1 and L = T −1 is the radius of the circle S 1 , can be found in [19] . One important remark is in order. In our calculations gravity is considered classically as a non-trivial spacetime background. This makes sense if we limit ourselves to the scalar field sector only and assume that the geometry of the space of extra dimensions and its size L are classical variables and are determined by some additional mechanism. Results of ref. [20] show that in a more general theory including gravity, where L is considered as a dynamical variable, contributions from gravitons are significant if L is of the order of the Planck length. Then the total effective potential should include the contribution from scalars, we calculate here, and the graviton part, calculated in [20] , and can be used for the analysis of the spontaneous compactification solutions of the theory of gravity coupled to scalars. To be relevant to the cosmology of the early Universe the effective potential should be further modified to include contributions due to non-zero temperature. The finite temperature graviton effective potential on the spacetime M 4 × T n was calculated by Appelquist et al. [21] and temperature corrections were found to be quite important (see also [22] ). The finite temperature effective potential for the free scalar theory on the same spacetime was studied in [23] and the stability of the total effective potential was analyzed in [24] . The calculation of temperature corrections to the scalar effective potential in the model with interaction which is under consideration in this article and the analysis of spontaneous compactification solutions and their stability for that case would be of great interest.
The paper is organized as follows. In Sect. 2 we describe the model and discuss its unrenormalized effective potential. In Sect. 3 the renormalized effective potential on the spacetime M 4 × T 2 with periodic boundary conditions for the scalar field is calculated using zeta-function techniques and its properties for weak and strong fields are studied. Representations for the zeta-functions used for these calculations are given in Appendix A. Sect. 4 is devoted to an extension of our results to the case of antiperiodic and mixed boundary conditions for the scalar field including interactions between the different types of scalar fields. The asymptotics of the potential for large φ and its boundedness or unboundedness from below for more general spaces M 4 × T n are analyzed in Sect. 5. Finally, Sect. 6 contains the discussion of the results. Some auxilliary results on the Epstein-type zeta-functions and formulas of the 1-loop contributions for the renormalized effective potential are presented in Appendices A-C.
Description of the model and the effective potential
Let us consider a one component scalar field on the 6-dimensional manifold E = M 4 × T 2 , where M 4 is Minkowski space-time and T 2 is the two-dimensional torus with circumferences L 1 and L 2 . In spite of its simplicity this model captures some interesting features of both classical and quantum properties of multidimensional theories. The classical action is given by
where x µ , µ = 0, 1, 2, 3, are the coordinates on M 4 and y 1 and y 2 are the coordinates on
To re-interpret this model in four-dimensional terms we make the Fourier expansion of the fieldφ(x, y),
where N = (l 1 , l 2 ), −∞ < l i < ∞ and Y N (y) are the eigenfunctions of the Laplace operator on the internal space
Substituting this expansion into the action and integrating over y, one obtains
where the four-dimensional coupling constant λ is related to the multidimensional oneλ by λ =λ/volume(T 2 ). In eq. (4) S ′ int contains all terms of the third and fourth powers in φ N with N 2 > 0. We see that the model includes one real scalar field φ (0,0) describing a light particle of mass m 0 , and an infinite set ("tower") of massive complex fields φ N (x) corresponding to heavy particles, or pyrgons, of mass given by
In the spacetime considered here one may assume a constant classical background field φ cl , and the quantum fluctuations ϕ =φ −φ cl around the background field in the linear approximation satisfy the equation
with the effective mass
where we have expressed the effective mass through the four dimensional quantities. The effective potential for the field φ including one-loop quantum effects is then given by the function
where m B and λ B are the bare mass and coupling constant and the quantum corrections amount to
which is the functional determinant arising from the integration over the quantum fluctuations, V 4 and V 2 are the volumes of M 4 and T 2 respectively and κ is a scale which arises in this formalism. General methods for the calculation of the effective potential were developed in [14] , [25] ; for calculations of the effective potential in theories in spaces with nontrivial topologies and for recent results in the Standard Model at non-zero temperature see [26] and [27] , respectively.
For the calculation of the functional determinant, eq. (8), we will use the zeta-function prescription [28] . In this scheme
where the prime denotes differentiation with respect to s, see eq. (11). ζ(s; M 4 × T 2 ) is the zeta function associated with the operator (6) with periodic boundary conditions for the field ϕ. This means that for ℜe s > 3,
or, performing the k-integration,
where we have introduced the dimensionless parameters
(L is an arbitrary length parameter). The generalized Epstein zeta-function Z
valid for ℜe ν > 1, and is very well studied by now [2, 4] . We have listed its essential properties in Appendix A, indicating very briefly their derivation. Comparing with eq. (A.1), we use here the notation Z
2 (ν; w 1 , w 2 ; 0, 0). From (9), the quantum potential is found to be
where in the last equality eq. (A.4) has been used. Eq. (13) represents the non-renormalized one-loop contribution to the effective potential of the theory. As one can easily check, in spite of the presence of the parameter L in eq. (13), the potential does not depend on it actually. The dependence on κ will disappear after renormalization.
Renormalization of the one-loop effective potential
In the previous section we have derived the regularized one-loop contribution to the effective potential V (Φ 2 ) for a scalar theory defined on the manifold E = M 4 × T 2 . In accordance with the discussion in the Introduction, we need to consider a potential of the following general form
+A + 1 2
where m 0 and λ are the renormalized mass and coupling constant, respectively, and the bare parameters are understood to be defined as m
The constant D subtracts the additional divergences arising due to the six-dimensional nature of the theory. For the λφ 4 -model on M 4 to be a low-energy limit of our multidimensional theory, we impose the following renormalization conditions:
where, for the sake of generality, we have introduced in the last equation the additional coupling of the φ 6 -vertex, that appears in principle because of the non-renormalizability of the theory. V M 4 (φ) is the Coleman-Weinberg potential in the four dimensional Minkowski spacetime before renormalization. It reads [14] 
with A ′ , B ′ , C ′ being determined by the conditions (15)- (17). For zero mass, m 2 0 = 0, one has to choose µ = 0. As we will see in what follows, it is useful to consider the function
where the phase factor has been introduced with regard to the different boundary conditions treated later on. For the moment we only need H(Φ 2 ) := H(Φ 2 ; 0, 0). Denoting by H (n) (Φ 2 ) the n-th derivative with respect to Φ 2 , eqs. (15)- (18) determine the counterterms to be
with
, λ) denote the contribution of the one-loop quantum correction V 2 V (Φ 2 ) to the counterterms. Explicitly they read
Use of eqs. (21)- (24) in eq. (14) yields the renormalized effective potential. As we will see, the dependence on the arbitrary scale κ has vanished. For the presentation of the effective potential in the case m 0 = 0 it is convenient to introduce dimensionless parameters. As such, we choose
Furthermore let us rewrite the terms containing the McDonald (or modified Bessel) functions in the form
and, finally, let us introduce the following dimensionless function characterizing the effective potential:
where
and
where we use the notations
The reason for the separation chosen in eq. (29) will become clear from the next section.
Let us now study the expression for the renormalized effective potential with m 0 = 0. First we analyze the asymptotics of eq. (32) for large x. Here we restrict ourselves to the case µ = 0 and L 1 = L 2 = L. The leading terms are:
where c is given by: ln c = −11/6 + E (3) (ν)/6. We see that the potential is unbounded from below for large values of the field and that such behaviour is a consequence of the sixdimensional nature of the model. Indeed, the leading asymptotics v E ∼ −gνx 3 ln x/12π is given by the first term in eq. (13) . Since the renormalization conditions (15)- (18) amount to changing terms at most ∼ x 3 , the asymptotics are not affected by renormalization. As mentioned above, the representation eqs. (29)- (32) is useful for large fields and finite ν. However, in order to see the limit of small fields and/or how the ColemanWeinberg potential results when extra dimensions disappear in the limit L → 0, it is more convenient to use another representation. To derive it, notice that the zeta function associated with the six-dimensional operator (6), can be decomposed as follows:
Here ζ(s; M 4 ) is the 1-loop integral on M 4 given by the term with l 1 = l 2 = 0 in eq. (10). After performing the k-integration it is equal to
ζ(s; M 4 × T 2 ) is the rest of the sum (10) and contains contributions due to the extra dimensions.
Maintaining the decomposition corresponding to (34) at each step, we perform the renormalization as before and get the result (for m 0 = 0):
Here
is the part corresponding to the renormalized one-loop Coleman-Weinberg potential V M 4 (φ) (with non-zero mass) through the relation
The terms ∆v 2 (x) and ∆v 3 (x) are given in Appendix C. As one can see they vanish when y = 0. The analogous representation for the case m 0 = 0 is presented in Appendix C too. Using these formulas we obtain the behaviour of the potential for small x and small ν.
We first consider the case m 0 = 0 in more detail and for the sake of simplicity choose µ = 0. Then ∆v 2 = ∆v 3 = 0. For xν ≪ 1
and we obtain
From the formula above we see that, due to the renormalization conditions imposed, the effective potential V E gives the values of m 0 and λ at the subtraction point φ 0 = 0. Moreover, these conditions also assure that the contributions of the heavy modes are of the order φ 8 0 for small fields, namely when xν ≪ 1 or φ 2 0 ≪ 2/(λL 2 ). On the other hand, from eq. (39) we see that, for any fixed x and ν ≪ 1 (we assume that w 1 and w 2 are fixed), we get
It is clear that for ξ = 0 the four-dimensional Coleman-Weinberg potential is recovered in the limit L → 0, i.e. when the space of extra dimensions shrinks down to zero.
In the massless case, m 2 0 = 0, using the expansion of the Epstein-type zeta function for small values of the field, see Appendix A, eq. (A.7), we find
Here, P P Z 2 (1; w 1 , w 2 ) denotes the finite part of Z 2 (1; w 1 , w 2 ). Without presenting once more the detailed calculations, by imposing the renormalization conditions, eqs. (15)- (18), and using this time the above representation, the final result for the renormalized effective potential reads
The first line is exactly the Coleman-Weinberg result [14]
the following terms are corrections to it, the last one being of the order O((Lφ) 8 ). For the case m 0 = 0 the representation analogous to eqs. (36)- (38), useful for the analysis at small values of the field or small values of t = (Lµ) 2 , is the following:
where z = φ 2 /µ 2 , η = hµ 2 /(30λ) and
is again the term corresponding to the Coleman-Weinberg potential (42). The terms ∆u i (z), i = 1, 2, 3, are given in Appendix C. Using the formulas of this section we have computed the behaviour of the functions characterizing the effective potential with w 1 = w 2 = 1. In Fig. 1 the plots of v M 4 (x) and v E for three values of ν and for y = 0, ξ = 0 are given. For small x the curves are very close, whereas for large x the asymptotic behaviour (33) is recovered. It is seen that for smaller values of ν the function v E (x) approaches the Coleman-Weinberg potential v M 4 (x) for a wider range of x.
The plots of the functions u M 4 (z) and u E (z) for t = 0.007, 0.01 and 0.015 are presented in Figs. 2 and 3 . The curves are close to each other for small values of z showing nontrivial minima, whereas with increasing z the functions u E (z) deviate more and more from u M 4 (z) and are unbounded from below for large z.
Varying h and w 1 , w 2 does not change the behaviour of v E (x) or u E (z) qualitatively. Essentially this only changes the values of the field where these functions begin to decrease.
The results of this section show, that the vacuum state φ = 0 of the four dimensional theory might be unstable due to the presence of the two extra dimensions of the original space-time.
Antiperiodic and mixed boundary conditions on the torus
Up to now we have only considered periodic boundary conditions for the scalar field in both directions of the torus T 2 , see eqs. (2), (3). However, there are two further different types of scalar fields: antiperiodic in both directions,φ(x, y 1 + mL 1 , y 2 + nL 2 ) = (−1) m+nφ (x, y 1 , y 2 ) and periodic in one direction and antiperiodic in the otherφ(x, y 1 + mL 1 , y 2 + nL 2 ) = (−1)
. We study such possibilities in this section. In considering them, we restrict ourselves to the case L 1 = L 2 = L, thus w i = 1. This kind of boundary conditions leads to the general type of Epstein zeta-functions
The relevant properties are summarized in Appendix A. For periodic boundary conditions we have u 1 = u 2 = 0, for antiperiodic boundary conditions u 1 = u 2 = 1/2, and, finally, for the mixed ones u 1 = 0 and u 2 = 1/2. For antiperiodic and mixed boundary conditions alone, the analysis of the previous section makes no sense for the simple reason, that there is no constant classical background field with this boundary conditions apart from φ = 0. However, the influence might be present if one includes interactions between the different types of scalar fields [29] . Thus, as a generalization to eq. (1), we consider the action
where we have included all possible quartic interactions invariant under the transformationφ U,T,M → −φ U,T,M . Here,φ U,T,M denotes respectively scalar fields with periodic (untwisted), antiperiodic (twisted) and mixed boundary conditions. Due to the above remark, the only constant classical background field φ we may introduce is in the untwisted sector. Owing to this structure, it is easily seen, that the analysis presented in the previous sections is already enough to deduce in a very simple way the effective potential for the theory (45).
The quantum potential consists now of three pieces, one coming from the twisted, one from the untwisted and one from the mixed sector. The interactions between the different types of scalar fields induce different effective masses depending on the couplings involved. In detail
and with
Similarly to Sect. 2, the four dimensional coupling constants λ U , g U T and g U M , are related to the multidimensional ones by λ U =λ U /volume(T 2 ), etc. The contributions from the different sectors are calculated in the way presented in Sect. 2, the relevant formula here is (A.4) . In order to express the result, we introduce
where as before v 2 = (LΦ/2π) 2 and the second term is defined by the formula (20) with w 1 = w 2 = 1 (compare with the analogous result (13) for the periodic case). Then the regularized quantum potential reads
Imposing once more the renormalization conditions (15)- (18), the counterterms are easily determined. From the previous discussion and the comments in Sect. 3, it is clear that no additional calculations are necessary. The only change being, that in eq. (21)- (24) Furthermore, for antiperiodic respectively mixed boundary conditions, H(Φ 2 ; 0, 0) has to be replaced by H(Φ 2 ; 1/2, 1/2), respectively by H(Φ 2 ; 1/2, 0). In the same way, the effective potential is given by eq. (29), once v (1) (m 2 0 , λ), given by eq. (31), is replaced by the sum of the three contributions as described above. To have the λφ 4 -model in the limit L → 0 we take the renormalized constants λ U = λ, m U = m 0 . Furthermore g U T , g U M respectively m T , m M are the renormalized couplings of the interactions between the fields respectively masses of the fields with different boundary conditions, which we assume to be all positive.
Representations similar to (36)- (38) 
where ∆v U (x) is the same as in eq. (38), ∆v
Notice that ∆v U (x) is equal to f (x, 0, 0, 1, 1) but with the term with l 1 = l 2 = 0 being omitted from the sum. Scaling properties of these functions, listed in Appendix C, show that the one-loop contributions have similar behaviours and varying values of g U T , g U M and the masses amounts to rescalings only. For this reason, qualitatively the effective potential V E (φ) does not change and its properties for small and large φ are the same as in the case of the periodic field only. However, the following important observation is in order. It is seen, that in eq. (49) the leading term for φ → ∞ does not depend on the boundary conditions imposed. Actually, it may be shown that the leading behaviour of v E (x) for φ → ∞ is
Thus one finds, that due to the interactions between the different scalar fields the effective potential tends quicker to infinity than for one scalar field only. This means, that the lifetime of the vacuum state φ = 0, depending on the height and width of the potential barrier, is reduced due to the presence of these interactions. In order to reduce the lifetime considerably one has to choose the coupling constants large enough. However, at this point no further conclusions can be drawn, because for these values one might enter into the strong coupling regime, where we cannot trust the one-loop result. We will come back to this point in the next section, when dealing with stability in arbitrary dimensions.
Stability of the theory in arbitrary dimensions
Let us now consider the model of Sect. 2 in the (
in order to analyze the dependence of the stability on the number n of compactified dimensions. Then, instead of eq. (11) one is led to the zeta-function
.., n. In this general case it is still possible to determine the analytical structure of the regularized effective potential. The necessary analytical expressions are summarized in Appendix B. One finds
Using (B.3) and (B.4), and the formula above, this can be written more explicitly as follows: for n even
and for n odd
The leading asymptotic behaviour of the 1-loop contribution to the effective potential before renormalization is: for n even
where, as above,
As we have seen in the previous sections, in the case of the six-dimensional model the renormalization does not change the leading behaviour of the effective potential for φ → ∞. This is also true in the (4 + n) dimensional space-time considered here. Indeed, for n even, in the renormalization conditions analogous to (15)- (18), the last one, which contains the highest derivative, would amount to adding terms proportional to φ n+4 . This does not change the asymptotic behaviour (58). Now, let us turn to the case of n odd. As is well known, for the λφ 4 -theory in (4 + n) dimensions, due to the Z 2 -symmetry, the only one-loop diagrams which are ultraviolet divergent have a number of external legs ≤ (n + 3). Thus, for example, in five dimensions the one-loop divergences are the same as in four dimensions. In this event the renormalization conditions analogous to (15)- (18) would amount to subtraction of terms up to φ n+3 and hence would not affect the asymptotics (59). Looking only at the leading behaviour we find that stability or instability of V E (φ) for large φ appears always pairwise. For k ∈ I N, one finds instability for the dimensions n = 4k + 2, 4k + 3, and stability for n = 4k, 4k + 1.
Let us now include once more interactions between the scalar fields with different types of boundary conditions existing on the spacetime M 4 × T n . As is well known, for different compactification lenghts L i there exist 2 n scalar fields on the spacetime M 4 × T n . Assuming for simplicity, that their couplings to the untwisted scalar field are approximately equal, let us say λ, the leading behaviour, corresponding to eqs. (58) and (59), is multiplied by the factor 2 n . Thus even for small values of the coupling constant λ, that is in the range where our results are valid, we show that for n = 4k + 2, 4k + 3, increasing dimensionality of the compact dimensions might drastically reduce the lifetime of the vacuum state φ = 0. This observation was our main reason for including interactions between different types of scalar fields into our analysis.
Conclusions
We have calculated in this paper the effective potential for the λφ 4 -theory on a M 4 × T 2 space-time and showed that it is unbounded from below, namely that V E (φ) → −∞ when φ → ∞. The renormalization conditions (15)- (18) imposed guarantee that for small values of (λφ 2 L 2 ), i.e. in the weak field limit or/and for small size of the extra dimensions, the standard Coleman-Weinberg potential is recovered. This is a manifestation of the decoupling of heavy modes. The effect of decoupling in case of the renormalized four-point Green function in the same theory was studied in ref. [30] . We also have shown that the asymptotics of the effective potential are not affected by the renormalization procedure. We argue that it will not change either in any renormalization scheme based on adding counterterms of minimal possible powers in φ to the classical effective potential. In this sense the asymptotic behaviour of the one-loop effective potential is a renormalization scheme independent property of the theory.
The unboundness of V E (φ) from below means that the vacuum φ = 0 for m 0 = 0 (Fig.  1) or the non-trivial vacuum of the Coleman-Weinberg potential for m 0 = 0 (Fig. 3) are metastable, if the λφ 4 -theory in four dimensions is the low energy limit of the theory obtained by dimensional reduction of the six-dimensional one. Of course, it is true that if the size L of the two extra dimensions is small, the maximum of the potential is high enough and the value of φ where V E = 0 lies far away, so it is natural to expect that the lifetime of the vacuum is very long. However, one can estimate that in the interval where V E ≤ 0 higher loop corrections are important and may change the result drastically. Thus in the relevant range of values of φ one cannot trust the one-loop result and further analysis will be necessary. A possibility to tackle this problem would be to consider a self-interacting O(N) theory and to sum over all bubble graphs dominant for large N in each order, thus obtaining reliable results at larger values of φ [32] .
We saw that adding the sectors of fields with antiperiodic and mixed boundary conditions on the torus T 2 and interactions between them does not change the picture qualitatively. However, we have seen that they probably reduce the lifetime of the vacuum state.
We have also extended the analysis of the asymptotics of the one-loop effective potential to the case of the spaces M 4 ×T n with any n. The result is that in this approximation V E (φ) is unstable for n = 2, 3 (mod 4) and is stable for n = 0, 1 (mod 4). When including interactions between scalar fields with different boundary conditions, our analysis suggests that for the cases n = 2, 3 (mod 4) contributions due to the compact space T n may considerably reduce the lifetime of the vacuum state φ = 0.
A few remarks are in order. To complete the analysis it would be important to see the effect of the change of the subtraction point µ 2 and to calculate the β-function (similar to how it was done in ref. [14] ) and the running coupling constant λ(µ). Then the position of the pole of the latter defines the range of validity of V E (φ). In our case the running coupling constant due to contributions of heavy modes has power-like terms in µ 2 and the position of the pole depends on ν (similarly to the case studied in [30] ). These issues will be considered in a future paper.
The main messages of the result of the present analysis are the following. First, we see that if a model appears as a low-energy limit of some fundamental theory formulated on a multidimensional space-time, like the superstring in ten dimensions, then the issue of quantum stability of the vacua of this model must be re-examined, taking into account contributions of the tower of Kaluza-Klein modes. Second, if the vacuum turns out to be metastable but ν = (m 0 L) 2 is small enough, then the lifetime of the vacuum is expected to be rather long, in order to produce any physical effect. This may be seen as a result of the very different magnitudes of the scales involved, namely the inverse length L −1 and the energy of the particles. However, at the early stage of the evolution of the Universe this might change and L could be comparable to the scale factor of the 3-space of the Universe proportional to the inverse temperature and the inverse energy scale of the particles [33] . Thus, decay of the vacuum could be essential and give rise to new effects in Kaluza-Klein cosmology. And the same could be also true for higher dimensions n, due to possible interactions between different types of scalar fields. which is the result needed for the calculation of the regularized effective potential (13) . In order to see how the effective potential of Coleman and Weinberg [14] is contained in our potential, we need the small v expansion of eq. (A.1). It is given by [4] (−1) j (j − 1)! (j + 2)! v 2j+4 Z 2 (j; w 1 , w 2 ; u 1 , u 2 ), with P P Z 2 (1; w 1 , w 2 ; u 1 , u 2 ) denoting the finite part of Z 2 (1; w 1 , w 2 ; u 1 , u 2 ). Eq. (A.7) is the result needed for the derivation of (40).
B Appendix: Epstein-type zeta-functions in arbitrary dimensions
Compactifying n dimensions, one is naturally led to the functions Thus we find the quantities relevant for the effective potential. For n even, we have
(−2; w 1 , ..., w n ; u 1 , ..., u n ) = 2(−1) Fig. 2 Plots of the functions u M 4 (z) (labelled by CW) and u E (z) for the case of a massless field φ with periodic boundary conditions; η = 0 and w 1 = w 2 = 1. The number near the curve corresponds to the value of t. Fig. 3 The same plots as in Fig. 2 but for the interval 0 < z < 50.
